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ARITHMETICALLY GORENSTEIN CALABI–YAU
THREEFOLDS IN P7
STEPHEN COUGHLAN,  LUKASZ GO LE¸BIOWSKI, GRZEGORZ KAPUSTKA,
AND MICHA L KAPUSTKA
Abstract. We present a list of arithmetically Gorenstein Calabi–Yau threefolds in P7 and
give evidence that this is a complete list. In particular we construct three new families of arith-
metically Gorenstein Calabi–Yau threefolds in P7 for which no mirror construction is known.
1. Introduction
By a Calabi–Yau threefold we mean a smooth three dimensional compact complex projective
manifold X with KX = 0 and h
1(OX) = 0. It is known that Calabi–Yau threefolds embedded
in P5 are complete intersections; either of two cubics, or of a quadric and a quartic, or of a
quintic and a hyperplane. In [KK1] we studied Calabi–Yau threefolds embedded in P6 giving
the complete classification of the examples of degree d ≤ 14 (see also [Ton]). Note that the
degree of such threefolds in P6 is bounded by 41, but the highest known degree is 17 (see
[KK2]). It is an interesting problem to find the highest degree that a Calabi–Yau threefold in
P
6 can have. Recall also that all smooth threefolds (so also all Calabi–Yau threefolds) can be
smoothly projected to P7. In particular all Calabi–Yau threefolds can be embedded in P7.
The aim of this article is to study Calabi–Yau threefolds of codimension 4 in P7 that are
projectively normal. More precisely we study Calabi–Yau threefolds X ⊂ P7 such that the
homogeneous coordinate ring S(X) = C[x0, . . . , x7]/IX (where IX is the saturated ideal of X) is
a Cohen–Macaulay ring. This is equivalent to saying that hi(IX(j)) = 0 for 0 < i < codimX. A
priori, arithmetically Cohen–Macaulay is a weaker condition than arithmetically Gorenstein, but
for Calabi–Yau threefolds, the two are equivalent. Thus we consider arithmetically Gorenstein
(aG) Calabi–Yau threefolds in P7.
Obtained examples extend the lists of known Calabi–Yau threefolds described for example
in [IIM], [GKM], [K2], [C], [CCM], [BKZ], [QS]. Furthermore, the considered Calabi–Yau
threefolds have simple algebraic descriptions and in this way are natural test examples for the
mirror symmetry conjecture (cf. [BP], [JKLM]).
Another motivation for studying codimension 4 aG submanifolds is the search for a general
structure theorem. We say that a submanifold X ⊂ Pn is subcanonical if KX = OX(k) for some
k ∈ Z. By the so-called Serre construction, a codimension 2 subcanonical submanifold is always
the zero locus of a section of a rank two vector bundle E. If it is additionally aG then then it
is a complete intersection. A codimension 3 subcanonical manifold X is Pfaffian see [O2], [W],
i.e. it is the first nonzero degeneracy locus of a skew-symmetric morphism of vector bundles of
odd rank E(−t)→ E for some t ∈ Z. In this case, X is given locally by the vanishing of 2u×2u
Pfaffians of an alternating map from the vector bundle E of odd rank 2u+1 to its twisted dual
such that we have the following resolution:
0→ OPn(−2s− t)→ E(−s− t)→ E(−s)→ IX → 0,
where s = c1(E) +ut. If a subcanonical codimension 3 manifold is additionally aG, then E can
be chosen to be a sum of line bundles. Note that Tonoli in his PhD thesis [Ton] constructed
examples of Calabi–Yau threefolds in P6 using the Pfaffian resolution; see also [KK3].
Recently, Reid [R2] described the shape of a projective resolution for a codimension 4 Goren-
stein ideal. More precisely, if X is an aG manifold of codimension 4 then the ideal IX admits
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a free resolution of the form:
(1.1) 0→ P4 → P3
M ′
−−→ P2
M
−→ P1
L
−→ IX → 0,
where P4 = O(−k) for some integer k, Pi ∼= Hom(P4−i, P4), M = (A,B) is a (k + 1) × 2k
matrix with polynomial entries made of two blocks A,B satisfying A(Bt) + B(At) = 0 and
M ′ =
(
Bt
At
)
. Conversely, if M = (A,B) is a matrix as above for which the rank < k locus Dk−1
satisfies codimDk−1 ≥ 4, then there exists an arithmetically Gorenstein X of codimension 4
with resolution (1.1). As Reid observes, it is difficult to find matrices M a priori satisfying the
above rank condition. It is even an interesting problem to write out M a posteriori for some of
the examples in our list.
In Table 1 we present a list of examples of aG Calabi–Yau threefolds in P7, that we conjecture
to be a complete list. We hope that this list provides working examples that can be used to
further develop the analysis from [R2] of the resolution of the ideal of X and the matrices A and
B. The methods of construction are: bilinkages [PS74], unprojections [R1], [PR] and the Serre
construction in scrolls. We complete the list of known examples presented in [B], [BG], [Ku1],
[Ku2], [K1]. Moreover, we study the birational models of our examples. Finally, we announce
partial classification results for aG Calabi–Yau threefolds in P7.
We have used computer algebra packages Magma [M] and Macaulay2 [M2] in various places,
which are highlighted in the text.
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are supported by NCN grant 2013/10/E/ST1/00688. Part of this work was done during the
Polish Algebraic Geometry mini-Semester (miniPAGES), which was supported by the grant
346300 for IMPAN from the Simons Foundation and the matching 2015–2019 Polish MNiSW
fund.
2. Preliminaries
2.1. Degree bound. Let X be a nonsingular aG Calabi–Yau 3-fold in P7.
Lemma 2.1. The degree of X takes values between 14 and 20.
Proof. Kodaira vanishing and the Riemann–Roch formula for X polarised by A gives
h0(mA) =
1
6
(mA)3 +
1
12
mA · c2.
Since X ⊂ P7 is projectively normal and h0(A) = 8, we get the following relationship between
Chern classes of X
2A3 +A · c2 = 96.
Again by projective normality, h0(2A) ≤ h0(OP7(2)) =
(
7+2
7
)
= 36, so we get A3 ≤ 20. The
lower bound for A3 is 14, coming from the Castelnuovo inequality for surfaces of general type
with birational canonical map. 
2.2. Bilinkage. Our basic tool of construction will be bilinkage. The fundamental paper of
Peskine and Szpiro [PS74] introduced modern foundations for the theory of linkage: Let U , V
be reduced schemes with no common components, and suppose that U and V are contained
in an arithmetically Gorenstein scheme G ⊂ Pn. We say that U and V are directly linked if
their union is a complete intersection F in G (for general subschemes F , the correct definition
is that IF : IU = IV and IF : IV = IU ). Sometimes we say that U is linked to V through G.
This defines an equivalence relation, which we call Gorenstein linkage. We say that two reduced
schemes U and W are bilinked if they can be linked in two steps.
2
2.3. Hodge numbers. Bertin [B] showed how to compute the Hodge numbers of some Calabi–
Yau threefolds, and this method can be applied to some of the families in Table 1. Another way
to find Hodge numbers appears in [DFF], and this works by computing the graded pieces of the
deformation space T 1. Unfortunately the complexity of these computations becomes very high
when the degree is greater than 17. The examples obtained by bilinkage can also be constructed
using unprojection, in which case we compute the Hodge numbers using [K1]. All the above
methods rely on an explicit understanding of the defining ideal of the variety. In some cases,
we can also compute Hodge numbers directly from the construction.
3. The table
In Table 1 we give possibly the complete list of aG Calabi–Yau threefolds in P7. In the table
and elsewhere, Pf13 ⊂ P
7 is a codimension 3 manifold defined by a 5×5 skew-symmetric matrix
with one row of quadrics, F1 is the del Pezzo threefold (1, 1) ⊂ P
2×P2, and F2 is the del Pezzo
threefold P1 × P1 × P1.
No. Deg. h1,1 h1,2 Description
1 14 2 86 (2, 4) divisor in P1 × P3
2 15 1 76 G(2, 5) ∩X3 ∩ P
7
3 16 1 65 X2,2,2,2
4 17 1 55 bilinked on Y2,2,2 to P
3
5 17 2 58 2× 2 minors of a 3× 3 matrix with degrees
(
1 1 1
1 1 1
2 2 2
)
6 17 2 54 rolling factors, codim 2 in cubic scroll
7 18 1 46 bilinked on Y2,2,3 ⊂ P
7 to F1
8 18 1 45 bilinked on Y2,2,3 ⊂ P
7 to F2
9 19 2 37 bilinked on special Pf13 to F1
10 19 2 36 bilinked on special Pf13 to F2
11 20 2 34 3× 3 minors of 4× 4 matrix with linear forms in P7
Table 1. aG Calabi–Yau threefolds in P7
Examples 2, 4, 5 and 11 were studied in [B], examples 4, 7 and 8 in [K1] and 1 in [Ku2].
Examples 6, 9 and 10 are new families of Calabi–Yau threefolds. We will give a more precise
description of each family in section 4. We study the geometry of these examples, describing
their birational models and their Ka¨hler cones (in [CGKK] we shall complete this analysis). In
order to study the examples of degree 19 we use the Cremona transform defined by quadrics
containing the Segre embedding of P2 × P2 in P8. Our main result in [CGKK] is that Table 1
gives the complete list of aG Calabi–Yau threefolds in P7 of degree ≤ 17. We have evidence
that our Table is complete for degrees 18, 19 and 20.
Problem 3.1. Does Table 1 give the complete classification of aG Calabi–Yau threefolds in
P
7?
4. Examples
In this section we discuss case by case the examples described in Table 1.
4.1. Degree 14. The anti-canonical divisor of X14 ⊂ P
1 × P3 is a Calabi–Yau threefold of
degree 14. To see that X14 ⊂ P
7 is aG, we use the long cohomology exact sequence associated
to
0→ IX → IP1×P3 → IX|P1×P3 → 0,
3
and the fact that IX|P1×P3 = OP1×P3(−2,−4). Note that this threefold was considered in [Ku2,
Thm. 5.4] and we deduce the following:
Proposition 4.1. The Picard number of X14 is 2 i.e. h
1,1 = 2 and h1,2 = 86. One extremal
contraction is a K3 fibration whereas the other is a contraction of 64 rational curves. The
minimal resolution of the ideal defining X14 ⊂ P
7 is
0→ O(−8)→ 6O(−6)⊕ 3O(−4)→ 8O(−5)⊕ 8O(−3)→ 3O(−4)⊕ 6O(−2)→ IX1 → 0.
Proof. From the Lefschetz hyperplane theorem, we know that h1,1(X14) = 2 because Pic(P
1 ×
P
3) = Z⊗ Z. Since X14 is a hypersurface in a toric variety (cf. Prop. 4.7), we can compute the
Euler number e(X14) = −168. Then since e(X) = 2(h
1,1 − h1,2) for a Calabi–Yau threefold, we
get h1,2(X) = 86. From [Ku2, Theorem 4.9], X14 contains exactly 64 rational curves that are
contracted by the projection to P3. The projection to P1 gives a K3 fibration. 
4.2. Degree 15. Let Y denote a linear P7 section of the Plu¨cker embedding of the Grassmannian
Gr(2, 5) in P9. The Lefschetz hyperplane theorem implies that the Picard group of Y is generated
by the hyperplane section H on P7, and moreover, the canonical bundle of Y is −3H. It follows
that the intersection of Y with a cubic is a Calabi–Yau threefold. This classical example has
Picard number 1 and is studied more precisely in [B]. They are aG since the Plu¨cker embedding
of the Grassmannian Gr(2, 5) is aG.
4.3. Degree 16. This is the intersection of four quadrics in P7. Smoothness follows from
the Bertini theorem and the canonical divisor is computed from the adjunction formula. This
example is aG from the cohomology exact sequence associated to the restriction exact sequence.
4.4. Degree 17 no. 4. Let Π ∼= P3 and consider a linear embedding of Π in P7. We can perform
a bilinkage of Π inside the complete intersection Y = Y2,2,2 ⊂ P
7 of three quadrics containing
Π by first linking through a linear section and then through a cubic. Since Π ⊂ P7 is aG and
bilinkage preserves this property, we obtain in this way an aG threefold X of degree 17 in P7.
Furthermore, from the mapping cone construction we can find a free resolution of IX and in
consequence compute KX .
We proceed as follows: the ideal defining the complete intersection S2,2,2,1 has the Koszul
resolution
S : 0→ O(−7)→ 3O(−5) ⊕O(−6)→ 3O(−3)⊕ 3O(−4)→ O(−1)⊕ 3O(−2)→ IS2,2,2,1 → 0.
On the other hand, the Koszul resolution of the ideal defining Π is
F : 0→ O(−4)→ 4O(−3)→ 6O(−2)→ 4O(−1)→ IΠ → 0.
The inclusion of ideals IS ⊂ IΠ induces a map α : S → F , and a slightly modified version of
the mapping cone of α∨(−7) gives a resolution of the ideal defining the linked variety G (cf. [N,
Prop. 1.10]):
G : 0→ 4O(−6)→ O(−6)⊕ 9O(−5)→ 7O(−4) ⊕ 3O(−3)→
O(−3)⊕ 3O(−2) ⊕O(−1)→ IG → 0.
Now, we can take the cubic in P7 which contains G and perform a second linkage. Note that
for the complete intersection T2,2,2,3, the Koszul complex is
T : 0→ O(−9)→ 3O(−7)⊕O(−6)→ 3O(−4) ⊕ 3O(−5)→ 3O(−2) ⊕O(−3)→ IT2,2,2,3 → 0.
Then the mapping cone of β∨(−9) for β : T → G gives the free resolution of IX :
X ′ : 0→ O(−8)⊕ 3O(−7) ⊕O(−6)→ 3O(−7)⊕ 4O(−6) ⊕ 7O(−5)→
3O(−5)⊕ 12O(−4) ⊕O(−3)→ 5O(−3)⊕ 3O(−2)→ IX → 0.
To get a minimal resolution we need to quotient out terms corresponding to maps of degree
0. Since the three quadrics and the cubic defining T form part of a minimal set of generators for
the ideal of G, we can replace the last term O(−8)⊕3O(−7)⊕2O(−6) in X ′ by the dual to the
cokernel of the inclusion [3O(−2)⊕O(−3)→ G1] twisted by O(−9), which is simply O(−8) (see
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[E, Exercise 21.23]). Moreover, since the quadrics in the ideal of X are a subset of generators
of the complete intersection T , they do not admit any linear syzygy. It follows that the syzygy
O(−3) → 5O(−3) ⊕ 3O(−2) eliminates a cubic generator of IX , and hence the corresponding
part can be removed from the resolution. We finally remove the 3O(−5) from the central term,
because X is aG so the minimal resolution must be symmetric. In the end we get the minimal
resolution:
X : 0→ O(−8)→ 3O(−6) ⊕ 4O(−5)→12O(−4)→ 3O(−2) ⊕ 4O(−3)→ IX → 0.
In particular, sinceKX = Ext
4
R(R/IX , R)(−8) and IX = AnnR(KX), we deduce thatKX
∼= OX .
From the resolution we obtain also h1(X,OX ) = 0. Finally, smoothness of X follows from
computer calculation of one example.
Remark 4.2. The above example together with its minimal free resolution was considered in
[B]. It is a Calabi–Yau threefold of degree 17 in P7 with resolution of Kustin–Miller type. It
was also constructed using unprojection of a del Pezzo of degree 5 in a complete intersection
2, 2, 3 in [K1].
Lemma 4.3. The generic element of the deformation family of X is obtained via the bilinkage
construction as above.
Proof. We make a parameter count to show that the dimension of the obtained family (of
Calabi-Yau threefolds up to isomorphism) is equal to h1,2(X) = 55, which was computed in [B].
Indeed, the dimension of the family of complete intersections Y2,2,2 containing Π is
dimGr(3,H0(IΠ(2))) − dimAut(P
7,Π) = 69− 47 = 22.
Here we compute from the above resolution F that the space of quadrics containing Π is 26-
dimensional, and Aut(P7,Π) is the space of automorphisms of P7 preserving Π. Since the
bilinkage is of degree 2 (see [Ha] for that interpretation of bilinkage), we get an additional
h0(OY (Π+2H)) = 1+h
0(Y, 2H) = 33 parameters. Thus we have in total 55 parameters, which
implies that a generic element of the deformation family of X is obtained via our construction.

From the above resolution X we deduce the following more explicit description of X:
Proposition 4.4. Let M be a 4 × 3 matrix, v a 4 × 1 column vector, each with linear entries
in x1, . . . , x8. The threefold defined by equations
Mv =
3∧
M = 0
is an aG Calabi–Yau threefold in P7 of degree 17 as described in Table 1 no. 4.
Proof. We perform the above bilinkage backwards and after passing to the minimal resolution
we end up with a Koszul resolution of a complete intersection of four hyperplanes. 
4.5. Degree 17 no. 5. We work in the language of toric varieties as described in [BZ], [BCZ],
[A]. Let C be the toric variety PP1(2O ⊕ 3O(−1)) with weight matrix
C =
t1 t2 a1 a2 b1 b2 b3
h 1 1 0 0 −1 −1 −1
η 0 0 1 1 1 1 1
and irrelevant ideal (t1, t2) ∪ (a1, a2, b1, b2, b3). Then take Xˆ ⊂ C to be the vanishing locus of
the minors of the 2× 3 matrix with entries
C ⊃ Xˆ :
2∧(q1 q2 q3
b1 b2 b3
)
= 0
where qi are general elements of the linear system |2η|.
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The toric minimal model program for C runs as follows
a
t
b
CC′
❄❄❄❄❄❄❄❄❄❄❄❄
C
⑧⑧
⑧⑧
⑧⑧
⑧
ϕ

❃❃
❃❃
❃❃
❃❃
flip
//❴❴❴❴❴❴❴ C′
ψ
⑧⑧
⑧⑧
⑧⑧
⑧⑧
  
❅❅
❅❅
❅❅
❅❅
P
1 C P2
The rays of the secondary fan on the left, match up with the diagram of maps on the right. It
is a standard computation (see below for an example) to work out all the maps in coordinates
on C and its counterpart toric variety C′ = PP2(2O ⊕ 2O(−1)), with weight matrix
C′ =
t1 t2 a1 a2 b1 b2 b3
h′ 1 1 1 1 0 0 0
η′ −1 −1 0 0 1 1 1
and irrelevant ideal (t1, t2, a1, a2) ∪ (b1, b2, b3). Note that the birational transform of η (respec-
tively h) under C 99K C′ is h′ (resp. h′ − η′).
Let ϕ : C → C ⊂ P7 be the map induced by |η|, given in coordinates by x1 = t1b1, x2 =
t1b2, x3 = t1b3, x4 = t2b1, x5 = t2b2, x6 = t2b3, x7 = a1, x8 = a2, so that C is a five-dimensional
cone over P1×P2 with vertex Π ∼= P1, and ϕ is the blowup of Π with exceptional locus P1×P2.
We find that X = ϕ(Xˆ) is defined by the 2× 2 minors of the 3× 3 matrix
P
7 ⊃ X :
2∧
q1 q2 q3
x1 x2 x3
x4 x5 x6

 = 0
as described in Table 1 (section of weighted Segre embedding of P2 × P2).
Now X has an elliptic fibration to P2 defined by the ratios between the columns of the above
matrix. Indeed, let Xˆ ′ in C′ denote the birational image of Xˆ . Over each fibre of Xˆ ′ → P2, the
three defining quadrics have a single linear dependency induced by the syzygy, and thus the
fibre is an elliptic curve. It remains to check directly that Xˆ ′ and X are isomorphic, because
Xˆ ′ is disjoint from the exceptional locus of ψ : C′ → C.
The restriction of the flip C 99K C′ to Xˆ simply contracts a P1-bundle over Π ⊂ X, and this
resolves the indeterminacy of the rational map X 99K P1 to give a K3 fibration on Xˆ . We can
deduce the following (the proof will be given in [CGKK]):
Corollary 4.5. Calabi–Yau threefold no. 5 has Picard number 2, and the Ka¨hler cone is gen-
erated by the divisors H1 and H2, such that |H1| induces an elliptic fibration and |H2| contracts
a line Π. After flopping Π, we obtain another birational model X ′ admitting a K3 fibration.
The Ka¨hler cones of these two threefolds cover the movable cone Mov(X) such that there are
no more birational models of X (cf. [Ka]).
Remark 4.6. This example is discussed from the point of view of mirror symmetry in [JKLM].
4.6. Degree 17 no. 6. We start from the toric 6-fold F with weight matrix
F =
t1 t2 a1 a2 b1 b2 b3 c
h 1 1 0 0 −1 −1 −1 −1
η 0 0 1 1 1 1 1 2
and irrelevant ideal (t1, t2) ∩ (a1, a2, b1, b2, b3, c). Here F is a P
5(15, 2)-bundle over P1, with a
section of Z/2-quotient singularities. The Chow group of F is generated by h = (1, 0) and
η = (0, 1), with intersection numbers h2 = 0, h · η5 = 1/2, η6 = 7/4.
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As with no. 5, the toric minimal model program on F can be worked out using the secondary
fan:
a
t
b c
F
F
′
F
′′
❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖
❂❂❂❂❂❂❂❂❂❂❂❂
F
⑧⑧
⑧⑧
⑧⑧
⑧
ϕ

❃❃
❃❃
❃❃
❃❃
antiflip
//❴❴❴❴❴❴❴ F
′
ψ
⑧⑧
⑧⑧
⑧⑧
⑧⑧ ϕ′
  
❅❅
❅❅
❅❅
❅❅
flip
//❴❴❴❴❴❴❴ F
′′
ψ′
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
  
❆❆
❆❆
❆❆
❆❆
P
1 F F ′ P2
Let ϕ : F → P(18, 22) be the map induced by taking Proj
⊕
m≥0H
0(F,mη). The image
F = ϕ(F) is defined by
2∧( x1 x2 x3 y1
x4 x5 x6 y2
)
= 0
where x1 = t1b1, . . . , x6 = t2b3, x7 = a1, x8 = a2 have weight 1 and y1 = t1c, y2 = t2c have
weight 2. The exceptional locus of ϕ is Exc(ϕ) ∼= P1 × P1 defined by b1 = b2 = b3 = c = 0, and
this is contracted to the line Π = P1 with coordinates x7, x8. The varieties C and C from no. 5
also appear here as C = F ∩ (c = 0) and C = F ∩ (y1 = y2 = 0).
Let Xˆ be a codimension 3 complete intersection in F of two general elements f1, f2 in |2η|,
and one general element g in |−2h+ 3η|. Then Xˆ has degree
(−2h+ 3η) · (2η) · (2η) · η3 = −8 ·
1
2
+ 12 ·
7
4
= 17,
and since KF = 2h− 7η, we see from adjunction that KXˆ is trivial. For i = 1, 2, general choices
fi = tic+ . . . mean that Xˆ is disjoint from the Z/2-section of F. Moreover, in the image of ϕ,
the fi eliminate the weight 2 variables yi in favour of quadrics pi(x1, . . . , x8), so that ϕ(Xˆ) lies
in P7.
For dimension reasons, Xˆ is disjoint from Exc(ϕ) and thusX = ϕ(Xˆ) is a smooth Calabi–Yau
3-fold of degree 17 in P7 with equations
(4.1)
2∧( x1 x2 x3 p1
x4 x5 x6 p2
)
= 0
together with
m1x1 +m2x2 +m3x3 + kp1 = 0
m1x4 +m2x5 +m3x6 + kp2 ≡ n1x1 + n2x2 + n3x3 + lp1 = 0
n1x4 + n2x5 + n3x6 + lp2 = 0.
As mentioned above, the pi are general quadrics in x1, . . . , x8. On the other hand, mi, ni are
quadrics and l, k are linear forms satisfying the equivalence implied by the second displayed
equation, modulo the 2 × 2 minors of the matrix (this is called “rolling factors”). Thus the
minors comprise three quadrics and three cubics, and the rolling factors equations give a further
three cubics defining X. We can check using computer algebra that a random example is aG,
so a generic X is aG.
Proposition 4.7. The Hodge numbers of Calabi–Yau no. 6 are h1,1 = 2 and h1,2 = 54.
Proof. Let i : X → F be the inclusion. There is a short exact sequence
0→ TX → i
∗TF → NX/F → 0
so that ct(TX) · ct(NX/F) = ct(i
∗TF) = i
∗ct(TF). Now standard toric methods compute ct(TF) to
be
ct(TF) = (1 + ht)
2(1 + ηt)2(1 + (−h+ η)t)3(1 + (−h+ 2η)t),
and since X is a complete intersection in F,
ct(NX/F) = (1 + 2ηt)
2(1 + (−2h+ 3η)t).
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Thus
ct(TX) = i
∗ct(TF)(
∞∑
k=0
(−2ηt)k)2
∞∑
k=0
(−(−2h+ 3η)t)k).
After restriction to X, the coefficient of t3 is 212hη5 − 120η6 = −104. Since h11 = 2 by the
Lefschetz hyperplane theorem, we have h12 = 54. 
4.6.1. Other birational models of no. 6. The birational transform of Xˆ can be traced around
the toric MMP diagram. Here are two more models of Xˆ :
Xˆ ′ : |2h′| ∩ |2h′| ∩ |h′ + 2η′| ⊂ F′ =
t1 t2 a1 a2 b1 b2 b3 c
h′ 1 1 1 1 0 0 0 1
η′ −1 −1 0 0 1 1 1 1
where the irrelevant ideal of F′ is (t1, t2, a1, a2) ∩ (b1, b2, b3, c).
Xˆ ′′ : |2h′′ − 2η′′| ∩ |2h′′ − 2η′′| ∩ |h′′ + η′′| ⊂ F′′ =
t1 t2 a1 a2 c b1 b2 b3
h′′ 1 1 1 1 1 0 0 0
η′′ −2 −2 −1 −1 0 1 1 1
where the irrelevant ideal of F′′ is (b1, b2, b3)∩ (t1, t2, a1, a2, c), so that F
′′ = PP2(O ⊕ 2O(−1)⊕
2O(−2)), note we moved variable c.
First observe that F→ P1 induces a fibration on Xˆ → P1 in K3 surfaces of degree six realised
as complete intersections (2, 2, 3) in P5(15, 2), and F′′ → P2 induces a fibration on Xˆ ′′ → P2 in
elliptic curves of degree four as (1, 2, 2) in P4. Now, the antiflip F 99K F′ contracts Exc(ϕ) and
extracts Exc(ψ) ∼= P1 × P2 defined by (ti = 0) in F
′. We have shown above that ϕ induces an
isomorphism Xˆ ∼= X, and a computation in coordinates shows that Exc(ψ) is disjoint from Xˆ ′,
so that Xˆ ∼= X ∼= Xˆ ′. The flip F′ 99K F′′ contracts P3 : (bi = 0) to the point Pc, and extracts
P
2 : (ai = tj = 0). The restriction of F
′
99K F
′′ to Xˆ ′ flops the base locus of |η − h|, which is a
curve. Thus X has a fibration in K3 surfaces of degree 6, and after the flop, X ′′ has an elliptic
fibration.
We have proved the following:
Corollary 4.8. Calabi–Yau threefold X no. 6 has Picard number 2, the Ka¨hler cone is generated
by the divisors H1 = h|X and H2 = 2η − h|X , such that |H1| induces a K3 fibration and |H2|
a contraction of a line l. After flopping l, the linear system |H2| becomes an elliptic fibration
induced by η − h. The Ka¨hler cones of these two threefolds covers the movable cone Mov(X)
such that there are no more birational models of X (cf. [Ka]).
4.7. Degree 18. We know two threefolds of degree 6 in P7: F2 = P
1×P1×P1 and a hyperplane
section F1 of P
2 × P2.
Proposition 4.9. For i = 1, 2, the del Pezzo threefold Fi is bilinked on a complete intersection
Y2,2,3 to an aG Calabi–Yau threefold Xi of degree 18 in P
7.
Proof. Fix i = 1 or 2. Take three quadrics and one cubic in P7, each of which contains the del
Pezzo threefold Fi. We obtain a threefold Gi which is linked on the complete intersection S2,2,2,3
with Fi. Now denote by Y2,2,3 a generic complete intersection containing S2,2,2,3. Since Fi and
S2,2,2,3 are arithmetically Gorenstein, we infer that Gi is arithmetically Cohen–Macaulay. We
prove as in [K2, Lem. 3.1]) that Gi is contained in a cubic that does not contain Fi. Now let
Xi be the threefold linked to Gi through T2,2,3,3, the intersection of the cubic with Y2,2,3.
We show that Xi is a Calabi–Yau threefold and compute its minimal resolution, following
the argument presented in section 4.4 based on the mapping cone construction. The minimal
free resolution of the ideal defining Fi is
F : 0→ O(−6)→ 9O(−4)→ 16O(−3)→ 9O(−2)→ IFi → 0
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for both i = 1 and 2. Applying the mapping cone construction and [E, Exercise 21.23], we get
the following resolution for IGi :
G : 0→ 6O(−7)→ 17O(−6)→ 12O(−5) ⊕ 3O(−4)→ 2O(−3)⊕ 3O(−2)→ IGi → 0.
Then the mapping cone construction for the second link gives the free resolution:
X ′ : 0→ 3O(−8) ⊕ 2O(−7)→ 2O(−8) ⊕ 2O(−7)⊕ 3O(−6)⊕ 12O(−5)→
O(−6)⊕ 4O(−5)⊕ 18O(−4)→ 8O(−3) ⊕ 2O(−2)→ IXi → 0.
Again, using [E, Exercise 21.23] on X ′ and then applying Gorenstein symmetry, we get the
following minimal resolution of IX :
0→ O(−8)→ 2O(−6) ⊕ 8O(−5)→ 18O(−4)→ 8O(−3) ⊕ 2O(−2)→ IXi → 0,
and we conclude as before, that KXi
∼= OXi .
In order to prove the smoothness of X1 and X2, we work out a particular example using the
computer, and then we find sufficiently many 4 × 4 minors of the Jacobian matrix of Xi, such
that the intersection of their simultaneous vanishing locus with Xi is empty. 
Remark 4.10. The two Calabi–Yau threefolds of degree 18 were obtained before in [K1] and
their Hodge numbers h1,2 are 46 and 45. This follows from the fact that bilinkage of the cone
over a variety is the same as unprojection (this will be made more precise in [CGKK]).
By a parameter count analogous to Section 4.4, we compute the dimensions of the two
constructed families to be 46 and 45 respectively. In particular, this shows that a generic
member of each family can be obtained by a bilinkage as above. Indeed, the dimension of the
family of complete intersections Y2,2,3 containing Fi is equal to
dimGr(2,H0(IFi(2))) + dimH
0(IFi(3)|Q)− dimAut(P
7, Fi).
Here the first term is 14 and the second term is the dimension of the space of restrictions of
cubics containing Fi to a complete intersection Q of two quadrics containing Fi, which is 40
(9 · 8− 16− 1 = 55 is the dimension of the space of cubics containing Fi, and we subtract 15 for
the dimension of the space of cubics containing a complete intersection of two quadrics). The
third term is the dimension of the space of automorphisms of P7 preserving Fi, which is 8 and
9 respectively. This gives 14 + 40 − 8 = 46 and 14 + 40 − 9 = 45 parameters respectively. To
those we add h0(OY2,2,3(Fi + H)) − 1 = 8, the dimension of the system of bilinked manifolds
(see [Ha], the bilinkage here is of height 1). Finally, we subtract 7 as each Xi is contained in
a 7-dimensional family of varieties Y2,2,3 (the intersection of quadrics is fixed but we have a
7-dimensional choice of cubics).
4.8. Degree 19. Let F be the Segre embedding of P2×P2 in P8 defined by 2× 2 minors of the
3× 3 matrix
(4.2) Φ =


z11 z12 z13
z21 z22 z23
z31 z32 z33

 .
Then the degree 6 del Pezzo surface S6 ⊂ P
6 is the intersection of F with a linear subspace
isomorphic to P6.
Let Y13 ⊂ P
6 be a Calabi–Yau threefold of degree 13 containing S6. Such a Y is defined by
Pfaffians of the matrix M below:
(4.3) M =


A B C D
z31 z21 z22 − z33
z11 z12
z13

 .
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The row of quadrics A,B,C,D are linear combinations
A =
∑
i,j
αijyij, B =
∑
i,j
βijyij, C =
∑
i,j
γijyij, D =
∑
i,j
δijyij
where yij = Φij is the minor of Φ obtained by deleting the row and column containing zij . The
other entries are chosen so that Pfaffian 1 is contained in the ideal of S, but not as a quadric
of rank 4: Pf1 = (z31z13 − z11z33) + (z11z22 − z12z21).
Remark 4.11. We can also embed S6 as a section of F2 = P
1×P1×P1 in a Pfaffian threefold Y13
as above. Indeed we can find a 5×5 matrix of the same shape as (4.3) with quadrics A,B,C,D
in the ideal of F2 such that Pfaffian 1 is also in the ideal of F2.
The following proposition is a computation, see also Proposition 4.18 below:
Proposition 4.12. The threefold Y13 has 28 nodes as singular points that are contained in S6.
After blowing up S6 ⊂ Y13 and flopping the 28 exceptional curves, we obtain a Calabi–
Yau threefold Y ′13 such that the strict transform of S6 on Y
′
13 is isomorphic to S6 and can be
contracted to give a singular threefold X19 ⊂ P
7. We say that X19 is obtained by unprojecting
S6 ⊂ Y13 and we find it is a Calabi–Yau threefold with 13 equations and 24 syzygies (see below
for the minimal free resolution of its defining ideal). In the next section we prove the following
main result of this paper:
Theorem 4.13. The threefold X19 ⊂ P
7 admits two smoothings by families of smooth Calabi–
Yau threefolds X1 and X2. Moreover, h
1,1(X1) = h
1,1(X2) = 2 and h
1,2(X1) = h
1,2(X2)+1 = 37
where Xi ∈ Xi for i = 1, 2.
Remark 4.14. We expect that the Ka¨hler cone of X1 is generated by two contractions: one
elliptic fibration to P2, and the other is a small contraction that maps to the intersection of a
quadric and a quartic in P5.
4.8.1. The proof of Theorem 4.13. Before proving the theorem, we provide some preliminary
results. Consider the (2, 2)-Cremona transformation T : P8 99K P8 defined by the linear system
of quadrics containing the Segre embedding F = P2 × P2 ⊂ P8. It is known that T factors as
P
8 τ←− P
τ ′
−→ P8, where τ is the blowup of F and τ ′ is the contraction of the strict transform of
Sec(F ) to F ′ ∼= P2 × P2 in the target. The inverse Cremona T−1 is thus defined by the linear
system of quadrics containing F ′.
Denote by Θ13 ⊃ F , the codimension 3 fivefold defined by 4 × 4 Pfaffians of M treated as
a matrix with entries in P8. Since Θ13 ⊂ P
8 is contained in one quadric, the image T (Θ13) is
contained in a hyperplane H in P8. By the above discussion, the restriction of T to Θ13 factors
as follows:
Θˆ
{{✈✈
✈✈
✈✈
✈✈
✈
Ξˆ
##❋
❋❋
❋❋
❋❋
❋❋
P
8 ⊃ Θ13 //❴❴❴❴❴❴❴❴❴❴❴ Ξ6 ⊂ P
7
where Θˆ→ Θ13 is the blow-up of F in Θ13, and Ξˆ→ Ξ is the blowup of F
′
H = F
′ ∩H in Ξ.
Lemma 4.15. The image T (Θ13) = Ξ6 ⊂ P
7 has degree 6 and contains the centre F ′H ⊂ Ξ6 of
the inverse Cremona transform T−1|H .
We describe Ξ ⊂ P7 more precisely. Let yij be the coordinates on P
8 under the transformation
T . We used yij above to denote the 2 × 2 minors of Φ. By (4.3), Ξ ⊂ P
7 is defined by the
vanishing of the 3× 3 minors of
(4.4) N =


y12 y22 y32 y31
y13 y23 y33 y21
A B C D


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in P8 intersected with the hyperplaneH ∼= P7 defined by y22 = y33. Here A,B,C,D are the same
expressions as above, but considered as linear forms in coordinates yij . Indeed, we substitute
the minors of Φ for yij. We then observe that the matrix adjoint to the matrix adjoint to Φ is
just Φ · detΦ. Furthermore, working modulo y22 = y33, the 2× 2 minors of the 2× 4 submatrix
consisting of the first two rows of N are combinations of minors of Φ, corresponding by the
above to the respective z-entries in the matrix M . It is then straightforward to show that the
3× 3 minors of N are the Pfaffians of M multiplied by detΦ, working modulo y22 = y33.
Proposition 4.16. The image T (Θ) is a linear section of the secant variety Σ2,3 of the Segre
embedding of P2 × P3. Moreover, a general linear section of Σ2,3 occurs as the image T (Θ) for
a general Θ. The centre F ′H of T
−1|H is a nodal section y22 = y33 of F
′ = P2 × P2.
Recall that Σ2,3 ⊂ P
11 is defined by the 3 × 3 minors of a generic 3 × 4 matrix W , and is
singular along the degree 10 locus isomorphic to P2×P3 where W drops rank. We consider the
small resolution
(4.5) P11 × P2 ⊃ Σ′ → Σ2,3
constructed as Σ′ =
{
(W,v) ∈ P(Mat3×4)× P
2 : ker(tW ) ⊃ 〈v〉
}
, with generic fibre P1 over
SingΣ. Since Σ′ is a projective bundle over P2, it has Picard number 2. We infer that Σ2,3 has
Picard rank 1 and Weil divisor class group of rank 2.
A generic five dimensional linear section Ξ of Σ2,3 is singular along a curve l of degree 10.
Note that the node of F ′H is contained in the curve l. We infer that Ξ has Picard rank 1 and
Weil divisor class group of rank 2. Since Ξˆ→ Ξ6 is the blow up of F
′
H which intersects l in 14
points, we deduce the following:
Lemma 4.17. The fivefold Ξˆ is singular along a curve lˆ which is the strict transform of l.
The rank of the Picard group is 2 and the group of Weil divisors has rank 3. The variety Θ
is singular along a surface of degree 28 contained in F ∼= P2 × P2, and Θˆ → Θ13 is a small
resolution obtained by blowing up F ⊂ Θ13
Proof. Since F ′H ⊂ Ξ, it follows that Ξˆ is smooth outside the union of lˆ with the singular
locus of F ′H . We then perform a computation in coordinates to prove that Ξˆ has no additional
singularities above the singular point of F ′H . For the Picard and divisor class group, we observe
that Ξˆ is a blow up of Ξ, and so we add the irreducible exceptional divisor of the blow up to
both groups. 
Let Y13 ⊂ P
6 be the generic codimension 2 linear section of Θ13 ⊂ P
8. The threefold Y13
contains a del Pezzo surface S6 of degree 6 being a codimension two section of P
2 × P2.
Proposition 4.18. The variety Y13 is a nodal Calabi–Yau threefold with Picard group of rank
1 and Weil divisor class group of rank 3.
Proof. Restricting Θˆ→ Θ13 to Y13, we obtain a small resolution Yˆ → Y13 which is the blow up
of S6. Since Θˆ is singular along a curve, we obtain that Yˆ13 is smooth. In order to see that Y13
is nodal we argue as in [K1, Thm. 2.1]. By the Ravindra–Srinivas [RS] Lefschetz theorem, we
infer that the Picard number of Yˆ is 3. 
Proof of Theorem 4.13. In order to use the results of Namikawa [Na] on existence of smoothings,
we have to understand the restrictions of the Weil divisors on Y13 to S6, or equivalently of Cartier
divisors on Yˆ13 to the strict transform of S6. We have two independent divisors in Cl(Y13); the
restriction L of the hyperplane section of Y13 ⊂ P
6 and the divisor S6 itself. Now L restricts to
S6 as an anticanonical divisor and, since S6 is anticanonical, S6|S6 is the canonical divisor.
We produce a third Weil divisor independent of the above two as follows. Let K ′ be the
pullback of a hyperplane section from P2 to the small resolution Σ ← Σ′ → P2 of (4.5). We
denote by K the image of K ′ on Ξ ⊂ P7, being a four dimensional subvariety of degree 4. For
example, K is defined by the 2 × 2 minors of the 2 × 4 matrix formed by two general linear
combinations of the rows of N .
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We use Macaulay2 to find the strict transform KΘ of K on Θ13 ⊂ P
8 through the Cremona
transform T . We find that KΘ ⊂ P
8 has degree 27 and intersects F = P2 × P2 along a divisor
in the system |5H|, where H is the hyperplane section of F ⊂ P8.
It follows that the group of Cartier divisors on Yˆ restricts to the subgroup of divisors on S6
generated by the anticanonical divisor. The linear system H ′+S6 on Yˆ where H
′ is the pullback
of the hyperplane section from Y13 ⊂ P
6 defines a primitive contraction of Yˆ → X19 ⊂ P
7.
We are in case 1 from [Na, Thm. 10] thus X19 admits two smoothings. The fact that these
smoothings can be performed by non-degenerate aG Calabi–Yau threefolds in P7 follows from
[K1, Lemma 2.2]. 
4.8.2. Degree 19 by bilinkage. We can construct special elements of the families Y1 and Y2 by
Gorenstein bilinkage inside a Pfaffian variety. As in Section 4.7, let F1 be the section of bidegree
(1, 1) in P2×P2 and F2 = P
1×P1×P1. We show that the Calabi–Yau threefold X1 (respectively
X2) is bilinked to F1 (resp. F2) inside the codimension 3 fourfold Pf13 ⊂ P
7 of degree 13.
Lemma 4.19. For i = 1, 2 we can embed Fi inside a fourfold Vi of degree 13 in P
7 defined by
4× 4 Pfaffians of a 5× 5 matrix with one row of quadrics. Moreover, V1 (resp. V2) is singular
along a curve of degree 28 (resp. 27).
Fix i = 1 or 2. Let Xi19 ⊂ Vi be the threefold obtained from Fi by a biliaison of height 1 i.e. we
perform two linkages in Vi, first Fi by a quadric to obtain Gi, and then Gi by a cubic to obtain
Xi. The fact that Gi is contained in a cubic which does not contain Fi is nontrivial, but this
is proved in a similar way to previous cases [K2, Lem. 3.1]. As in the proof of [Ha, Prop. 3.2],
we infer that X119 and X
2
19 are arithmetically Gorenstein. The minimal free resolution of the
ideal IXi is obtained from the mapping cone construction associated to the two linkages as in
Section 4.4. In both cases i = 1, 2 we get the following:
0→ O(−8)→ O(−6)⊕ 12O(−5)→ 24O(−4)→ O(−2)⊕ 12O(−3)→ IXi → 0.
Furthermore we can prove using Macaulay2 (intersecting Xi with an appropriate number of
minors of the Jacobian matrix), that the manifolds X1 andX2 obtained by bilinkage are smooth.
It is not clear however, that in this way we construct Calabi–Yau threefolds that are general
in their deformation family:
Problem 4.20. Find an explicit algebraic description of generic Calabi–Yau threefolds from
Y1 and Y2. Are the threefolds X1, X2 generic elements of the families Y1 and Y2 respectively?
Remark 4.21. Note that the dimension count is much more subtle in degree 19 than it was in
smaller degree cases. This is because the variety Pf13 in which the bilinkage is made is not a
complete intersection. Since we lack a proper understanding of the resolutions of X1 and X2, it
is difficult to predict the dimension of the family of varieties of type Pf13 containing X1 or X2.
4.9. Degree 20. It seems that this case is the most difficult to classify. Only one example is
known, defined by 3× 3 minors of a 4× 4 matrix of linear forms in P7. To see this construction
in detail we refer to [KK1]. Recall that the Hodge numbers in this case are h1,1(X) = 2 and
h1,2(X) = 34. We refer to [JKLM] to see other nice geometric properties of no. 11, including
the movable cone.
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